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1. introduction
Composite materials are created by combining

two or more different materials to produce new
materials with unique properties. A material
mixture consists of two phases: a continuous phase
and an intermittent phase. The intermittent phase,

known as the core, bears force, while the continuous
phase, known as the background, provides support,
protection, and transmission of the center of gravity
[1]. Due to their numerous advantages, composite
materials are extensively utilized in various
industries such as aviation, aerospace, shipbuilding,
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ABSTRACT:
The use of composite materials is widespread in various civil applications, especially in the

construction of large billboards. However, when exposed to pressure loads and temperature

variations, these materials can experience sagging, deformation, and a reduction in mechanical

properties. This study employs the finite element method to analyze these properties and

calculate the sag of composite panels under the influence of mechanical loads and temperature

changes. The panel elements are constructed using a four-node isoparametric element, each with

five degrees of freedom. The numerical results are compared for different scenarios and show

that for composite panels with symmetrical structures under uniformly distributed loads, the

deformation components of the symmetrical layers are identical. In panels with any structure, the

sag on the average plane of the panel in the z-direction is the largest, while the sag in the x and y

directions and the rotation angle around the x and y axes are minimal. Additionally, the study

finds that as temperature increases, sag decreases, while an increase in the applied load leads to

increased sag. Moreover, an increase in the number of layers in the plate decreases the deflection

in the z-direction, and a higher fiber product factor results in greater deflection. This analysis is

applied to a practical problem involving a billboard measuring 2440 mm x 4880 mm at three

locations: the corner, middle edge, and center of the plate. The results are compared with

previous studies to validate the reliability of the algorithm and program.
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automobiles, mechanical engineering, and civil
construction, as well as in everyday use.

When composite panels are subjected to loads
in varying temperature environments, they tend to
sag, deform, and their mechanical properties
reduce [2,3]. To address this issue, the location of
cracks and the mechanical behavior of layered
composite panel details and structures need to be
accurately determined in order to predict the
structure's current working capacity and find
solutions to prevent potential damage. Among the
new methods being researched and applied today,
the Finite Element Method (FEM) [4-7] is proving
to be effective in solving these problems. This
article utilizes the finite element method and
applies plate theory based on Mindlin's first-order
displacement model to analyze the displacement of
composite plates under changing thermal
environments, applied loads, and sheet material
parameters, as well as varying number of layers.

2. Theoretical basis
a. Elastic theory

In general, stress and strain on objects consist of
six components (see figure 1).

For stress,  x, y, z, xy, yz, zx corresponds to
normal stress in the x, y, z directions and
subsequent stress in the z, x, y directions. For
deformation, ex, ey, ez, gxy, gyz, gzx corresponds to
normal tensile deformation in the x, y, z directions
and shear deformation in the z, x, y directions [5].

* Stress - strain - temperature relationship
For isotropic and elastic materials

Write in matrix form
e  = [E]-1 +e0 (2)
In Which e  is the initial deformation vector;

[E] is the elastic coefficient matrix (or behavior
matrix); E is the elastic modulus;  is Poisson's
coefficient; G is the slip modulus.

With:    
G   = 

E
(3)

2(1 + )

We can express the stress components in terms
of strain by solving equation (1).

or    = [E]e +0 (5)
0  = - [E]e0 represents the initial stress
The initial strain is determined e0 by the

temperature.

In which,  is the thermal expansion coefficient
and T temperature change

b. Plate theory

A plate is a structure that is bounded by two
parallel planes and separated by a distance h, which
is known as the plate thickness. When a thin plate is
subjected to bending due to forces acting
perpendicular to the plate plane, the Oxyz
coordinate system is selected such that the Oxy
plane aligns with the middle surface of the plate,
and the z-axis is perpendicular to the plate plane
(see Figure 2)

Let's consider a plate structure (see Figure 2)
that is being subjected to a surface load p(x, y)
acting perpendicular to the middle plane. The
distribution of p(x, y) is arbitrary at this point, and
no specific dimensions or boundary conditions are
provided. Now, let's cut out an infinitesimal section
element with dimensions dx and dy from the plate
and analyze the local equilibrium conditions. At the
negative sectional edges, we have the applied
moment flows M0

xx, M0
yy, M0

xy, and transverse
shear force flows Qx, Qy. At the positive sections,
we have the respective infinitesimal increments of
these quantities [9]
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Figure 1: Application components and variables
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M0
xx +

M0
xx dx, M0

yy +
M0

yy dy, 
x                                         y

M0
xy +

M0
xy dx, M0

xy +
M0

xy dy,
x                                         y

Qx +
Qx dx  and Qy +

Qy dy, 
x                                          y

are applied. The sum of transverse forces is
obtained from this

Qx +
Qx dx   dy  + Qy +

Qy dy   dx 
x                                        y

- Qx dy  - Qy dx + pdxdy = 0 (7)
or after divison by da = dxdy:
Qx +

Qy +  p  = 0
x               y

In the same way, the shear force components
Qx, Qy are determined.

M0
xy +

M0
xy = Qx ;

x                      y
M0

xy +
M0

yy = Qy
(8)

x                      y
c. Reissner – Mindlin plate theory

If the plate thickness is not small, the Reissner-
Mindlin plate theory is applied. This theory
calculates the angular deflection of the cross
section [9]:

gxz   0, gyz   0 (9)
This implies that the lines that are at right

angles to the middle plane stay straight when the
material deforms, but they are no longer at right
angles to the middle plane. The total rotation
angle of the section is made up of two parts: the
first part is due to the bending of the plate when
the lines are still at right angles to the middle
plane; the second part is due to the average shear
deformation (see figure 3)

The average shear strains, denoted as gxz , gyz,
for the corresponding cross-section xy, are
calculated.

gxz =
w  

- qy ; gyz =
w     

- qx                (10)
x                                   y

In the thin plate problem, the shear strains
approach zero and then:

qx  w/y and  qy  w/x.
The relationship between shear stress (xz , yz)

and shear strain (g) according to Hooke's Law is as
follows.

The average shear strain (gxz , gyz) is assumed to
be constant across the thickness of the plate. As a
result, the combined effect of these shear stresses
on the curved surface of the section produces the
shear force (Qx, Qy), which is associated with the
shear strain in the following manner:

or Q  = h [Dc]g  (13)
In there:

 is the matrix that represents the material's
response to shear. (14)

 represents the slip correction factor (shear
correction factor).

d. 4-node quadrilateral element

Take a general quadrilateral element shown in
Figure 4. The element has four nodes [3,4]
numbered 1, 2, 3, and 4 in a counterclockwise
direction. Each node has 2 degrees of freedom, and
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(                                       ) (                                       )
Figure 2: Local equilibrium at an infinitesimal
section element

Figure 3: Rotational angle of normals and
shear deformation of cross-section
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their coordinates are represented by (xi, yi). The
nodal displacement vector of the element is
denoted by:

q =  q1 q2 ...  q8 T (15)
The displacement of any point M(x, y) in the

element is represented by the variable u.
u = [u(x, y), v(x, y)] T (16)

3. Applied problem
The composite panel has the dimensions shown

in Figure 5: panel length (L) = 0.8m, panel width
(W) = 0.8m; each layer thickness (h) is 0.005m. It
has a symmetrical configuration and is subjected to
an evenly distributed load (q) on the entire panel
surface with q = 875000 N/m^2. The panel is
clamped on all four sides.

Consider the force acting in one direction on the
entire panel, with the position of the force being at
the center of the panel. The mechanical properties
of the layers are as follows: elastic modulus E1 =
150 GPa; E2 = 9.65 GPa; E3 = E2; G12 = 4.14 GPa;
G13 = 4.14 GPa; G23 = 3.45 GPa; Poisson's ratio 
 = 0.3; material density  = 1600 kg/m^3.

Average Linear Expansion Coefficient  (oC)-1

in direction 1 (OX): 1 = 0.3  10-6 (oC)-1

Average Linear Expansion Coefficient (oC)-1

in direction 2 (OY): 2 = 0.5  10-6 (oC)-1

The calculation is performed for the case
W/L=1 with the fiber arrangement of (90 degrees/0
degrees/0 degrees/90 degrees). Vf = 0.5; Vm = 0.5.

In our analysis, we use a 2 x 2 Gaussian point
numerical integration for the bending stiffness
matrix and a 1 Gaussian point numerical integration
for the shear stiffness matrix. The boundary
conditions are as follows:

- At the nodes located on the boundary edges

parallel to the x-axis: u, w, and qx are all zero.
- At the nodes located on the boundary edges

parallel to the y-axis: v, w, and qy are all zero. 
Based on the problem model, the author

calculates the nodal displacement of the element in
the plate.

3.1. Case 1: Calculate the deflection of the

composite plate in three different scenarios, then

compare the results with the article [10].

- Scenario 1: The plate is under uniform load
with no temperature change (T = 0oC).

- Scenario 2: The plate is under uniform load
and subjected to a temperature change of 100
degrees C (T = 100oC).

- Scenario 3: The plate is under a uniform load
with no temperature change (T = 0oC) and when
subjected to a temperature change of 100oC. 

Hypothesis 1: The plate is evenly loaded when
there is no heat.

Deflection
The maximum deflection is w = 0.45 x10^-3 m
Compare the results of the thesis with the results

in the paper [10] with the same data (same model).
The results in the reference paper w = 0.00045 m
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Figure 4: 4-node quadrilateral element

Figure 5: a) Schematic diagram of the flexural

composite plate;  b) 10 x 10 element mesh on

the composite plate



388

The results of the thesis w = 0.00045 m
Then the author maintained the applied load

while altering the material parameter Vf and
comparing the thesis results with those of the
article [10].

Hypothesis 2: A uniform load-bearing plate is
subjected to a temperature change (T) of 100oC.

Hypothesis 3: The load plate changes when
there is no heat (T = 0oC) and when subjected to a
temperature change of T = 100oC.
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Figure 6: Element mesh of composite panel Graph 1: Relationship between coefficient Vf
and deflection W with T = 0oC

Graph 2: Relationship between coefficient Vf
and deflection W with T = 100oC

Figure 7: Composite panels sag under non-
thermal loads

vf

T = 0oC

Deflection (mm)

ref Thesis

Vf = 0,50 0.450 0.450

Vf = 0,55 0.453 0.455

Vf = 0,60 0.498 0.499

Vf = 0,65 0.534 0.540

Table 1: Deflection with T = 0oC and different
material parameters

vf

T = 100oC
Deflection (mm)

ref Thesis
Vf = 0,50 0.400 0.401

Vf = 0,55 0.443 0.447

Vf = 0,60 0.485 0.488

Vf = 0,65 0.528 0.531

Table 2: Deflection with T=100oC and different
material parameters
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3.2. Case 2: The author changes the temperature
in some cases T = [30oC, 50oC, 100oC, 200oC,
300oC] (Table 4, Graph 4)

3.3. Case 3: The author increases the number of
layers n to (4, 8, 12, 16, 32) respectively. The test
temperature is T=300oC. The fiber arrangement is
[90 0 0 90]s. (Table 5, Graph 5)

4. Application problem
Composite panels, particularly advertising

panels, are widely used across various fields. The
figure 8 shows the boundary conditions of 4-sided
clamps (bones). The author conducted a survey in
Ho Chi Minh City, considering the acting force to
be the wind force with an average speed of 6 m/s,
equivalent to 220 N/m2. The analysis temperature
is under normal conditions, ranging from 19oC to
40oC, with the maximum surveyed temperature
being 40oC. External influences such as humidity
are disregarded by the author.

The panel parameters are as follows:
- Panel length (L): 4.880m
- Panel width (W): 2.440m
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Gaph 3: Effect of applied load on deflection W

Table 3: Deflection values with different 
applied loads.

Load 
effect 
n/m2

T = 0oC T = 100oC.
Deflection (mm) Deflection (mm)

ref Thesis ref Thesis
P = 875000 0.450 0.450 0.398 0.401

P x 2 0.896 0.900 0.800 0.801

P x 3 1.348 1.350 1.203 1.204

P x 4 1.798 1.800 1.597 1.600
Graph 4: Effect of temperature on deflection W

Table 4: Deflection value with temperature
change

Temperature T Deflection w [mm]
30oC 0.0354

50oC 0.0293

100oC 0.0231

200oC 0.0092

300oC 0.0062

Graph 5: Effect of temperature on deflection W.

Table 5: Deflection values with varying 
number of layers

The number of layers n Deflection w [mm]
4 0.00616

8 0.00493

12 0.0037

16 0.00216

32 0.00109
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- Each layer thickness (hk): 0.006m
- Total panel thickness (h): 0.048m
- The panel has 8 layers, with a symmetrical

configuration, and the load is evenly distributed
over the entire panel surface.

The mechanical properties of the layers are as
follows:

- Elastic modulus (E1): 150 GPa
- Elastic modulus (E2): 9.65 GPa
- Elastic modulus (E3): E2
- Shear modulus (G12): 4.14 GPa
- Shear modulus (G13): G12
- Shear modulus (G23): 3.45 GPa
- Poisson's ratio (v): 0.3
Average Linear Expansion Coefficient (oC)-1

in direction 1 (OX): 1 = 0.3  10-6 (oC)-1

Average Linear Expansion Coefficient (oC)-1

in direction 2 (OY): 2 = 0.5  10-6 (oC)-1

The calculation is performed on the case of the
fiber arrangement being (900/00/00/900). Vf = 0.5;
Vm = 0.5. The author analyzes the displacement of
the plate at 3 positions: Position 1 at the corner of
the plate. Position 2 at the middle edge of the plate.
Position 3 is the center of the plate

4.1. Data analysis

When analyzing the problem data, the following
information was gathered:

- Number of elements in the x direction: 10
- Number of elements in the y direction: 10
- Total number of elements = 100
- Number of nodes on 1 element = 4
- Total number of nodes in the whole system =

(100+1)^2 = 121

- Number of degrees of freedom (BTDs) on 1
node = 5

- Number of BTDs on 1 element = 4x5 = 20
- Total number of BTDs in the whole system =

5x121 = 605
The author then analyzed the displacement of

the plate at 3 specific locations. Each location cell
has the following dimensions: length = 0.488m,
width = 0.244m.

4.2. Calculation results in MATLAB

Mesh model with 100 elements:
v Position 1 at the corner of the plate
- Deflection
- The maximum deflection is w = 4.99x10-4m.
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Figure 8: Application of composite panels in
practice

Figure 9: Schematic diagram of 8-layer
composite plate subjected to bending

Figure 10: 10x10 element mesh on 8-layer
composite plate
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v Position 2 at the middle edge of the plate
- Deflection 
- The maximum deflection is w = 5.44x10-4m.
v Position 3 is the center of the plate

- Deflection
- The maximum deflection is w = 9.07x10-4m.
4.3. Summary of analysis results

(Figure 17, Table 6, Graph 6)
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Figure 11: Element mesh of composite panel
at panel corner

Figure 12: Composite panel sagging at the
corner of the panel

Figure 13: Element mesh of composite panel
at the middle boundary of the panel.

Figure 14: Composite panel with deflection at
the middle edge of the panel
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5. Conclusion
When analyzing a composite plate in a

thermal environment, the author used the finite

element method and the Matlab programming

language to find the displacement of element

nodes. It was concluded that for a plate with a
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Figure 15: Element mesh of composite plate
at the center of the plate

Figure 16: Composite panel sagging at the
center of the panel

Figure 17: Element mesh of composite plate
at 3 positions of the plate

Graph 6: Effect of changing analysis location
on deflection W

position Deflection w [mm]

1(Corner) 0.000499

2(Middle border) 0.000544

3(Central) 0.000907

Table 6: Deflection values with changing
analysis position
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symmetrical structure, subjected to evenly

distributed forces, the deformation components of

the symmetrical layers are equal, so the author

only calculates on the average surface of the

plate. For a plate with any structure, the

deflection on the average surface of the plate in

the z direction is the largest, while the deflection

in the x and y directions is very small. The

rotation angle around x and y is also very small.

When the temperature increases, the deflection

decreases. Additionally, the deflection increases

with an increase in load, but decreases with an

increase in the number of layers in the plate.

Furthermore, the deflection increases with an

increase in the fiber volume coefficient. It is

recommended to arrange multi-layer composite

plates with the same size and the same mass of

material. The conducted analysis also included

practical application, specifically analyzing an

advertising panel using composite materials to

predict the working capacity of the structure and

to find solutions to prevent possible damage n
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Aùp Duïng phöông phAùp phAàn Töø höõu hAïn 
TRong phAÂn TÍCh öùng XöÛ CuÛA heä Töông TAùC TAáM 

SöÛ Duïng vAäT Lieäu CoMpoSiTe 
TRong MoÂi TRöôøng nhieäT

l Phaïm hoàNg Thao1

l Leâ VaêN Thoaïi1
1Khoa Kyõ thuaät - Coâng ngheä

Tröôøng Ñaïi hoïc Nguyeãn Taát Thaønh

ToùM TAÉT:
Vaät lieäu composite ñöôïc söû duïng roäng raõi trong nhieàu lónh vöïc daân duïng, ñieån hình laø trong

caùc taám bieån quaûng caùo côõ lôùn. Khi vaät lieäu naøy hoaït ñoäng trong moâi tröôøng chòu taûi troïng aùp

suaát vaø nhieät ñoä thay ñoåi, noù coù xu höôùng bò voõng, bieán daïng vaø giaûm cô tính. Nghieân cöùu naøy

phaân tích caùc ñaëc tính treân döïa vaøo phöông phaùp phaàn töû höõu haïn ñeå tính toaùn ñoä voõng cuûa

taám composite döôùi taùc ñoäng cuûa taûi troïng cô hoïc vaø nhieät ñoä. Phaàn töû ñaúng tham soá boán nuùt,

moãi nuùt coù naêm baäc töï do, ñöôïc söû duïng ñeå xaây döïng phaàn töû taám. Caùc keát quaû soá ñöôïc khaûo

saùt cho caùc tröôøng hôïp khaùc nhau vaø so saùnh cho thaáy, ñoái vôùi taám composite coù keát caáu ñoái

xöùng chòu löïc phaân boá ñeàu, caùc thaønh phaàn bieán daïng cuûa caùc lôùp ñoái xöùng laø nhö nhau. Vôùi

taám composite coù caáu truùc baát kyø, ñoä voõng treân maët phaúng trung bình cuûa taám theo phöông z

laø lôùn nhaát, trong khi ñoä voõng theo phöông x vaø y raát nhoû, vaø goùc xoay quanh truïc x vaø y cuõng

raát nhoû. Khi nhieät ñoä taêng, ñoä voõng giaûm, nhöng khi taûi troïng taùc duïng taêng, ñoä voõng laïi taêng.

Khi soá lôùp trong taám taêng, ñoä voõng theo phöông z giaûm, vaø heä soá tích sôïi caøng lôùn thì ñoä voõng

caøng taêng. Phaân tích ñoä voõng naøy ñöôïc aùp duïng vaøo baøi toaùn thöïc teá laø taám bieån quaûng caùo coù

kích thöôùc 2440 mm x 4880 mm taïi ba vò trí: Vò trí 1 laø goùc taám, vò trí 2 laø caïnh giöõa taám, vaø vò

trí 3 laø taâm taám. Caùc keát quaû ñöôïc so saùnh vôùi caùc nghieân cöùu tröôùc ñoù cho thaáy ñoä tin caäy cuûa

thuaät toaùn vaø chöông trình.

Töø khoùa: vaät lieäu composite, taám composite, taûi nhieät, phaàn töû höõu haïn, ñoä voõng.


