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CAC MO HINH DU POAN
SU PHAT TRIEN CUA KHOI U

® NGUYEN HOANG VIET
Khoa QuAn trji Kinh doanh va Du lich - Trudng Bai hoc Ha Noi

TOM TAT:

Ngay nay, ung thu 13 mot trong nhitng nguyén nhan giy tif vong nhiéu nhat trén thé gidi. Bai

Vi€t tAp trung vao 2 md hinh todn hoc phd bién dé du doan sy phat trién ctia khdi u: mo hinh ting

trudng mii vd md hinh ting trudng logistic. Mo hinh ting trudng mii phin dnh giai doan diu khi

khdi u phat trién nhanh chéng ma khong c6 gidi han, trong khi mo hinh logistic dua vao y&u to gidi

han sinh hoc, gitip md phéng chinh x4c hon qu4 trinh phét trién ctia khdi u theo thdi gian. Viéc dp

dung diing md hinh c6 thé gitip cic nha nghién cttu va bac si du dodn &t hon sy tién trién ctia khoi
u, tir d6, dua ra cdc phuong phap diéu tri thich hdp, t8i uu cho tirng bénh nhan.
T khéa: ung thu, khdi u, mod hinh tdng trudng mil, mo hinh tdng trudng logistic, logistic.

1.Pat van dé

Theo y hoc, kh6i u la sy xudt hién bat thudng
ctia mot hodc nhiéu khdi md mdi, hinh thanh do su
ting trudng qui mic clia t€ bao, trong d6 t€ bao
chia tich va nhan 1én khong ki€m so4t. Liic nay, co
ché& diéu hoa su phan chia t€ bio bi rdi loan, din
dén su tich tu cla t&€ baio mGi mdt cich khong can
thi€t. Khoi u c6é thé xuat hién & bat ki vi tri nao
trong cd thé va c6 thé dnh hudng nghiém trong dén
chiic ning clia cd quan hoic md ndi n6 phat trién
[1]. Khoi u ¢6 thé chia 1am hai loai lanh tinh va dc
tinh. U lanh tinh 1 c4c t€ bao ctia khdi u phat trién
binh thudng va khong lay lan sang cidc bd phin
khéc clia co thé. U lanh tinh thudng khong giy hai
nghiém trong va c6 thé dé dang diéu tri. Vi du nhu
u x0, u md, u mau... Trong khi d6, u c tinh lai c6
kha ning phét trién rdt nhanh, thim nhip vio miu
hoic hé bach huyét rdi di chuyén dén céc co quan
khdc, hinh thanh c4c kh6i u méi tai day. C4c khdi u
4c tinh s& din dén ung thu. Pay ciing 1a mot trong

nhitng nguyén nhan phd bién gy tif vong, di ton
tai xuyén sudt lich st loai ngudi. Theo bdo cdo cla
T8 chite Y t€ thé gidi (WHO), nam 2020, trén toan
th€ gi6i c6 khodng gan 10 triéu ngusi da chét vi ung
thu [2]. Ngay nay, vdi su ti€n bd clia Y hoc, nhiéu
loai ung thu da c6 thé phat hién dugc s6m va dua ra
phuong phap diéu tri thich hgp. Do d6, cdc nghién
ctfu vé sy ting trudng cla khdi u 1a rit can thiét
trong viéc theo ddi cac khdi u bat thudng, tir d6 han
ché& sy 1ay lan hinh thanh ung thu. Trong khudn khé
bai bdo, tic gia s& dua ra 2 mo hinh thudng diing dé
tinh todn sy ting trudng cta khdi u theo thdi gian,
d6 1a mo6 hinh ting trudng mi va mod hinh ting
trudng logistic.

2. M@ hinh ting truéng mii

Trong giai doan dau cda sy phat trién cia mot
khdi u, cdc t&€ bao phan chia déu din, taora 2 t&€ bao
conmdi lan.

Mot md ti ty nhién clia giai doan diu ting
trudng cta khdéi u 12 md hinh ting trudng mii. Khi
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d6 su ting trudng ctia khdi u ti 1& thudn véi s6 luong
t€ bao. Ching ta c6 thé dya vao md hinh nay dé
tinh todn hé sd k, dudc goi 12 hé s6 ting trudng. Mo
hinh ting trudng mi thudng dugc st dung trong cac
phan tich ban dau vé khdi u. Tuy nhién md hinh nay
s& khdng con hiéu qui & giai doan sau va cling rat
kho khin d€ x4c dinh tinh chinh xac clia k, vi trong
thuc t& con rat nhiéu y&u t& 4nh hudng nhu sy
han ch& vé dudng chit, oxy, cic y&u t& sinh 1y
khéc. Ching ta c6 thé dua ra mo hinh ting
trudng mii dya trén phuong trinh vi phan:
av(t)
dt

Trong do:

- V(t) kich thuéc khdi u tai thai diém t

- k1a hé s ting trudng.

- dV(t)/dt 1a toc dd thay d6i cia kich thudc
khdi u theo thdi gian.

= kV(t)

e —"

Pé tim toc d6 ting trudng clia khdi u sau 30
ngay, ta tinh:

V’(30)=10.0,0231.¢%02130 ~ (0,462 (mm?3/ngay).

Vay toc do ting trudng clia khdi u sau 30 ngay 1a
khoang 0,462 mm?®/ngay.

Dua vao cdc két qua trén, ta c6 thé vé dudc dd
thi ciia ham V(t) va V’(t) nhu Hinh 1.

Hinh 1: Bé thi cda hém V) va V'()
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Ta gidi phuong trinh vi phan trén dé€ tim -2

V(t).

Tacs L0 - g =[SV
V(1) V(t)
= [kdt= In(V(t) = ke + C

trong d6, C 1a hiing s0.

Gia st tai thdi diém t = 0, khdi u ¢6 kich thudc
Vy=V(0),tac6 C=1nV,,

Vay, In V(t) =kt+1nV( hay V(t) = V. e* (1)

Ta c6 phuong trinh (1) dudc goi la mo hinh ting
trudng ma.

Chiing ta c6 thé hi€u rd hon vé mo hinh trén qua
vidu sau:

Mot bénh nhan duge chuidn dodn c6 mot khoi u
v6i thé tich ban ddu 12  va sau 30 ngay bénh nhan
d6 quay lai tdi kham, thé tich ciakhdiula .

- Tinh hé s& tdng trudng ctia khdi u.

- Tinh t6c do ting trudng ctia khdi u sau 30 ngay,
ké tirngay bit ddu chuin dodn.

Véi bai toan trén, ta ¢ thé d& dang tinh hé s6
ting trudng ctia khoi u:

1 V(30)
k=——In
30 V(0)
=1—1n£ :—11n2 ~0.0231
30 10 30
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Ngudn: Tdc gid thuc hién

Thomas Robert Malthus (1766 - 1834), mOt nha
kinh &€ hoc ngudi Anh da st dung khéi niém ting
trudng mii trong cic nghién cttu vé dan s&, ndi ti€ng
trong d6 1a bai nghi€én ctu “An Essay on the
Principle of Population" (1798) [3]. Mic du
Malthus tap trung vao nghién cttu dan s&, nhung mo
hinh ting trudng mil cla 6ng da &nh hudng dén
nhiéu linh vuc khic, bao gdbm sinh hoc va y hoc.
Mot dic di€m ctia mo hinh nay 13 ham s6 theo cap
s6 nhan, tir d6 s& khong cé gii han nao vé kich
thudc ctia khdi u, nhung diéu nay 1a khong thé x3y
ra trong thyc t€. Nhu dd néi & trén, mo hinh ting
trudng ham mil thudng dudc sit dung dé mo ta su
ting trudng clia cic khdi u trong giai doan dau, khi
ngudn dinh dudng va khdng gian cho t& bao phat
trién con ddi dao. Tuy nhién, trong thyc t&, khdi u
khong thé ting trudng mii theo ham mii vi s& dat
dén gi6i han do thi€u dinh dudng, oxy hoic khdng
gian. Khi d6, md hinh ting trudng logistic (c6 giGi
han) s& phu hgp hon.
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3. Mo hinh tiing trudng logistic

Mb hinh ting trudng logistic d& xuat 1an dau
tién bdi Pierre Frangois Verhulst (1804 - 1849) -
mdt nha todn hoc ngudi Bi vao nam 1838 [4]. Ong
d3 phét trién mo hinh nay khi nghién ctfu vé su ting
trudng dan s6. M6 hinh nay dugc 6ng bd sung yéu
t6 gi6i han ting trudng so véi md hinh ting trudng
mil nhung sau d6 dugc ng dung rong rii trong
nhiéu linh vuc nhu sinh hoc (nghién ctu sy ting
trudng ctia vi khudn, sy phat trién ctia quan thé), y
hoc (nghién cttu sy phat trién ctia khdi u), kinh t&
(tinh todn chu ki ctia mot sdn phdm),... M hinh ting
trudng logistic c6 nhiéu diém ndi bat hon so vdi md
hinh ting trudng mii vé tinh thyc t& trong gi6i han
sinh hoc, c6 thé liét ké mot vai diém chinh nhu sau:

- M hinh logistic ¢6 tham s6 K (stfc chita t6i da)
phdn 4nh gidi han kich thugc t6i da ctia khoi u.

- Phit hop véi thyc t& vé gigi han khong gian,
dinh dudng va oxy trong cd thé.

- Trong khi md hinh ting trudng mii cho thiy sy
ting trudng vo han, khong thuc t€ trong moi trudng
sinh hoc.

- Dy doén tin cdy hon vé kich thuSc clia khoi u
trong tudng lai, tranh uGc tinh qua 16n & giai doan
phét trién vé sau ctia khdi u.

Chiing ta cting tim hi€u vé mo hinh nay thong
qua phuong trinh vi phin sau dugc dua ra bdi
Verhulst:

dv(t)

dt

Trong do:

- V(t) 1 kich thuéc khdi u tai thai diém .

- k12 hé s6 ting trudng.

- K 1 stic chifa t6i da.

Ti€n hanh gidi phuong trinh vi phan nay dé dua

V(1)

= kV(t) |1-

ra phuong trinh logistic.
Ta c6:
dv(r)

_r@
V(z‘)[l = J

av(H K
—
V() (K-V())

:kdrz( U jdV(f):kdr
V) K-V()

LAy nguyén ham hai v&, ta thu dugc:

In|V(1)|-In|K -V (1)| =kt +C
hay

V(1)
K-V

trong d6 C1a hiing s6

Gia st tai thdi diém ban dau (¢ = 0), khéi u c6
kich thugela V)= V(0), suy ra:

v
K-,
Licnay, ta s€ c6 phuong trinh sau:
VO | i
K-V (1) K-V,

o e Vo

K-V() K-V

Ve K
K-V +V "

=kt+C.,

C=In

et &

= V()=

Chia cd tf thitc va mau thic cho Vj.€¥, ta thu
dugc phuong trinh logistic md ta sy ting trudng cla
khdi u nhu sau:

V()= £

1+ [ i J o
Vo
Trong do:

- V(t) 1a kich thu6c khdi u tai thdi diém t

- Vj 1a kich thu6c khéi u tai thdi di€m ban dau.

- k1a hé s ting trudng.

- K 1a stic chifa t6i da.

Chiing ta cting nghién citu vi du sau d€ hiéu ro

hon vé md hinh nay.

Gia st bénh nhan c6 mot khdi u phdi véi cac
thong s6 nhu sau:

- Kich thu6c ban daula VO=0.1 cm’.

- Kich thudc gidi han ctia khéi u K = 100 cm? (do
gi6i han vé dudng chat, oxy va khong gian).

- Hé s6 ting trudng k =0.2.
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St dung phuong trinh vi phan logistic va phudng
trinh logistic, thu dugc Bang 1.

T nhitng tinh todn & Bang 1, ta c6 thé thay:

- Giai doan dau (tuan 1 - 5):

Kich thudc ting chAm nhung tdc do ting trudng
dang ting din, kich thudc khdi u khodng 0,3% so
véi kich thudc 61 da.

- Giai doan giifa (tuan 20 - 25):

Liic nay khdi u dang phét trién manh nhat, toc
do ting trudng cao, kich thudc dat khodng 15-33%
so v6i kich thude gidi han.

- Giai doan cudi - giai doan bdo hoa (tir tudn 30
trd di):

Téc do ting trudng gidm dan, kich thudc dat
khodng 85-91% so vdi kich thudc gidi han, diéu nay
thé hién ro su tiém can dén sic chita K, khi khong
con di dinh dudng va khong gian d€ khdi u ti€p tuc
phét trién manh.

Trong y hoc, m6 hinh ndy c6é y nghia rat 16n

khi mo6 t3 sy hinh thanh clia khéi u: & giai doan
diu, khoi u phat trién cham va cé thé chua gy
triéu chitng cu thé. 6] giai doan giffa, ltic nay khdi
u sé& phat trién manh nhat, day 1a thdi di€m quan
trong trong viéc dua ra chin dodn va phuong
phdp diéu tri thich hgp. Khi d&n giai doan bao
hoa, khi u khé phat trién hon nhung van ton tai,
day thdi di€m 1a khi diéu tri c6 thé gidp lam
cham hoic ngin cho khdi u ti€p tuc phat trién. Tir
md hinh trén ta thdy, giai doan ting trudng nhanh
nhA't clia khéi u (giai doan giita) 1a thdi diém tot
nh4't d€ can thiép bing thudc hoic cic phuong
phdp diéu tri khdc. N&u chiing ta diéu tri qua s6m
khi kh&i u con nhé (giai doan diu) thi mot s&
phuong phédp cé thé chua phat huy hét hiéu qua.
Trong khi d6, n€u diéu tri qud mudn khi khdi u da
dat trang thai bdo hoa, t€ bao ung thu c6 thé bit
ddu tdchra va xAm nhdp hé tudn hoan, gay di cin
dén cdc bd phan khdc. Vi vay, viéc st dung md

Bdng 1. Kich thuéc, t6¢ dé tang truéng theo théi gian

Tun | Kich thwée (cm®)| Téc d6 tang trwdng (con’/tudn) | % so véi kich thwde téi da
1 0.12 0.024 0.12%
2 0.15 0.029 0.15%
3 0.18 0.035 0.18%
4 0.22 0.042 0.22%
5 0.27 0.051 0.27%

20 15.03 2.557 15.03%
21 17.89 2.938 17.89%
22 21.12 3.334 21.12%
23 2471 3.707 24.71%
24 28.62 4079 28.62%
25 32.81 4412 32.81%
45 84.92 2.557 84.92%
46 8647 2.338 86.47%
47 87.83 2.132 87.83%
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hinh logistic c¢6 thé gitip x4c dinh thdi diém phat
trién va mifc d6 nguy hiém ctia khoi u dé can
thiép kip thdi.

3. Kétluan

Hién nay, con rit nhiéu mo hinh khic dang dugc
diing @€ nghién citu vé sy ting trudng ctia khoi u.
Trong d6, mo hinh ting trudng mi va mod hinh

logistic 1a hai mo6 hinh cd bdn dugc st dung rong
rai. Cdc mo hinh nay gitip cdc nha nghién cttu cé
thé tinh todn dugc sy phat trién ctia khdi u theo thdi
gian, xdc dinh dugc thdi diém diéu tri hiéu qua nhat
cling nhu dy dodn dugc khé ning t&€ bao ung thu di
cin dé c6 thé can thiép s6m, dua ra phac dd diéu tri
thich hgp cho bénh nhan ®
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MODELS FOR PREDICTING TUMOR GROWTH

® NGUYEN HOANG VIET
Faculty of Management and Tourism, Hanoi University

ABSTRACT:

Cancer remains one of the leading causes of death worldwide. This study examines two
widely used mathematical models for predicting tumor growth: the exponential growth model
and the logistic growth model. The exponential model captures the early phase of unchecked,
rapid tumor expansion, whereas the logistic model accounts for biological constraints, offering a
more accurate simulation of tumor development over time. Selecting the appropriate model can
enhance researchers' and clinicians' ability to predict tumor progression, enabling more tailored
and effective treatment strategies for patients.

Keywords: cancer, tumor, exponential growth model, logistic growth model, logistic.
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